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Nonorthodox Guidance Law Development Approach
for Intercepting Maneuvering Targets
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Two aspects of a new mindset are applied to interceptor guidance: 1) the mathematical formulation of an
interception scenario against maneuverable targets and 2) the relationship between the estimation process and
optimal guidance law design. The interception of a maneuverable antisurface missile is formulated as a zero-
sum pursuit evasion game. The perfect information game solution, which guarantees a robust hit-to-kill homing
accuracy, requires, among other things, the knowledge of the target maneuver. This variable cannot be directly
measured and has to be estimated based on noisy measurements. The greatest error source in the estimationof time-
varying target maneuvers is the inherent delay due to the convergence time of the process. The estimation process
is modeled as a pure information delay. Such a delay is partially compensated by a new guidance law based on the
solution of a delayed informationpursuit–evasion game. The new approach represents a potential breakthrough in
guidance law design predicting reduced miss distances and robustness even in stressing interception environments.
The improved accuracy is con� rmed by a set of Monte Carlo simulations in a ballistic missile interception scenario
with noisy measurements.

I. Introduction

I N contrast to the impressive technologicalprogress achieved by
the guided missile community, the concepts of interceptor guid-

ance law developmenthave remained (unfortunately) conservative.
This conservative mindset can be attributed to that until recently
the target of an interceptormissile was an inhabitedaircraft, against
which the missile had substantial advantage in speed, maneuver-
ability, and agility. Moreover, miss distances of the order of a few
meters (compatible with the lethal radius of the missile warhead)
were considered admissible. Thus, the effort to develop improved
guidance laws may have seemed to be unnecessary.

The 1991 Gulf War introduced a new type of target, namely,
the tactical ballistic missile (TBM), able to carry nonconventional
warheads. Successful interception of a TBM, much less vulnerable
than an aircraft, requires a very small miss distance or even a di-
rect hit, creatinga new challengefor the guided missile community.
Several defense systems against ballistic missiles are currently in
development to meet the threat. All of them have been designed
against ballistic targets, � ying predictable trajectories. The avail-
able advancedtechnologyallowed thesedefensesystems (ARROW,
PAC-3, THAAD) to demonstrate, in spite of using conventional
guidance and estimation concepts, an excellent homing accuracy
(sometimes even a kinetic hit to kill) against such nonmaneuvering
targets.1¡3

Although known TBMs were not designed to maneuver, due to
their high reentry velocity they have a substantial maneuverabil-
ity potential. Moreover, this great maneuverabilitypotential can be
made applicable by a modest technical effort. The same is true for
futurehigh-speedantishipor cruisemissiles.Paradoxically,the suc-
cessfulcurrent developmentof antiballisticmissile defense systems
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can motivate the development of a new generation of highly ma-
neuverable antisurface missiles. Against such threats, interceptor
missiles will have only a marginal maneuverabilityadvantage. Re-
cent simulation studies of anticipated antimissile defense scenarios
clearly indicate that currently used guidance laws and estimation
techniques are unable to guarantee an adequate homing accuracy
for a hit to kill in the interception of the expected highly maneuver-
ing targets.4¡6

The great majority of advanced missile guidance laws in current
use were developed by using a linearized kinematical model and
solvinga linearquadraticoptimalcontrolproblem,where the limited
maneuver potential of the interceptor was not explicitly taken into
account.7 As is well known, the optimal controlconceptrequires in-
formationon the currentand future target maneuvers.In most cases,
for the sake of simplicity, constant target maneuvers were assumed.

There is a basicde� ciency in formulatingthe interceptionof a ma-
neuverable target as an optimal control problem. Target maneuvers
are independently controlled; thus, future target maneuvers cannot
be predicted. As a consequence, the optimal control formulation
of such problems is not appropriate. The mathematical framework
for analyzing con� icts controlled by two independent agents is in
the realm of dynamic games. Thus, the scenario of intercepting a
maneuverable target has to be formulated as a zero-sum pursuit–
evasiongame. The game solution provides simultaneouslythe opti-
mal pursuerstrategy(the missile’s guidancelaw), the optimal evader
strategy (the worst target maneuver), and the value of the game (the
miss distance guaranteed to the interceptormissile as well as to the
maneuvering target, by using the respective optimal strategies).

Although the concept of such a formulation dates back to the
1950s and was published in the seminal book by Isaacs in 1965,8

the guided missile industry has not fully recognized the potential
involved in it. Nevertheless, the idea has raised some academic in-
terest, as is evident in the open literature.Whereas a linearquadratic
game formulationwith an ideal dynamic model lead to proportional
navigation9as an optimalguidancelaw, a more realisticanalysisrec-
ognized that the controls are bounded and interceptor missile dy-
namics should be represented at least by a � rst-order transfer func-
tion. Such an analysis,10 limited to a planar scenario,was published
in 1979 and was extended later to three dimensions.11 It yielded a
game optimal guidance law that explicitly accounts for the limited
interceptormaneuverability,and the assumption of ideal target ma-
neuver dynamics (the worst case for the interceptor) eliminated the
need of knowing the actual target maneuver. This differential game
guidance law (DGL/0) provides robustnesswith respect to the type
of target maneuver but cannot guarantee a zero miss distance. If, in
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this perfect information zero-sum pursuit–evasion game formula-
tion, � rst-order (nonideal) target maneuver dynamics are assumed
and the actual target maneuver is available, an improved guidance
law can be used.12 This guidance law, DGL/1, guarantees from the
majority of initial conditions of practical interest a zero-miss dis-
tance, if the agility (de� ned as the maximum acceleration divided
by the � rst-order time constant) of the interceptor is superior to that
of the target.

A detailed comparison study,13 based on extensive simulations,
clearly shows the superiority of interceptor guidance laws derived
from a differential game formulation over those obtained using op-
timal control theory. In spite of the results of this comparison,and a
subsequentpaper advocatingthis approachforguidancelaw synthe-
sis of future interceptor missiles,14 differential game guidance laws
have not been adopted by the missile industry. This conservative
attitude can be explained by that the already existing interceptor
missiles had a suf� cient maneuverability advantage over the pre-
sumed inhabited aircraft targets. Moreover, applying the optimal
pursuer strategyof the perfect informationgame as the interceptor’s
guidance law using a typical estimator yields very disappointingre-
sults. The miss distance is never zero, and there is a high sensitivity
to the structure of the (unknown) target maneuver.15

The poor performance of perfect information guidance laws in a
noisy environment can be attributed to the unjusti� ed reliance on
the certaintyequivalenceproperty16 that states that the optimal con-
trol law for a stochastic control problem is the same as the optimal
control law for the associated deterministic (certainty equivalent)
problem. The validity of the certainty equivalence property was
proved for linearoptimal control problemswith unboundedcontrol,
quadratic cost function and Gaussian noise with a strictly classical
informationpattern,where the controllercontinouslyretainsknowl-
edge of all past outputs and controls.Note that the certaintyequiva-
lence property has never been proved for realistic missile guidance
problems, characterizedby bounded control, non-Gaussianrandom
target maneuvers, and saturated state variables.

For problems with a strictly classical information pattern, the
state estimator can be designed independently of the control law
even if the certainty equivalence property does not hold. However,
the stochasticoptimal controldependson the conditionalprobability
density function of the estimated variables resulting from the solu-
tion of the � ltering problem.17 Unfortunately, this very important
observation has not yet been applied in any guided missile design.
Following this idea, an intuitiveattempt was made18 to derive a new
guidance law that takes into account a simpli� ed model of the esti-
mation process.Because simulation results indicatedthat the largest
error source is the inherent delay in estimating the target accelera-
tion, the entire estimation process was roughly approximated by a
pure time delay in the (otherwise ideal) measurement of the target
accelerationl.15;18 In a recent paper,19 a rigorous analytical solution
of a delayed information pursuit–evasiongame was presented,con-
� rming the validity of the earlier intuitive approach.

The objective of this paper is to apply the delay-compensating
guidancelaw againsta highly maneuveringantisurfacemissile in an
interceptionscenariowith noise-corruptedmeasurements.Guidance
law derivation based on explicitly considering the imperfection of
the estimationprocessis, in fact,a pioneeringendeavor,representing
a potential breakthrough in interceptorguidance law design.

After the deterministic formulation of the problem in Sec. II,
the perfect information game solution is outlined. It is followed by
a discussion on the implementation of the resulting guidance law
with noisy measurements and the modeling of the estimation pro-
cess. In Sec. IV, the delayed information pursuit–evasion game is
formulated, and its rigorous analytical solution, detailed in Ref. 19,
is described. The actual homing performance of the new guidance
law, tested by Monte Carlo simulations in a realistic environmentof
noise-corruptedmeasurements using two different types of estima-
tors, is presented in Sec.V.

II. Problem Statement
The interceptionscenario of a maneuveringantisurfacemissile is

formulatedas a linear zero-sumpursuit–evasiongame with bounded

Fig. 1 End-game geometry.

controls.The deterministicgame analysis is based on the following
set of simplifying assumptions:

1) The engagement between the interceptor (pursuer) and the
antisurface missile (evader) takes place in a plane.

2) Both missiles have constant speeds V j and bounded lateral
accelerations, ja j j < .a j /

max; j D E; P .
3) The maneuvering dynamics of both missiles can be approxi-

matedby � rst-ordertransferfunctionswith time constants¿P and¿E .
4) The trajectories of both missiles can be linearized along the

initial line of sight.
In Fig. 1, a schematic view of the end-game geometry is shown.

Note that the respectivevelocityvectorsof the missiles aregenerally
not aligned with the reference line of sight. The aspect angles ÁP

and ÁE are, however, small. Thus, the approximations cos(Ái / ¼ 1
and sin(Ái / ¼ .Ái /; i D P; E; are uniformly valid and coherent with
assumption 4. Moreover, based on assumptions 2 and 4, the � nal
time of the interceptioncan be computed for any given initial range
X0 of the end game:

t f D X0=.VP C VE / (1)

allowing to de� ne the time to go by

tgo D t f ¡ t (2)

The state vector in the equations of relative motion normal to the
reference line is

X T D .x1; x2; x3; x4/ D .y; Py; aE ; aP / (3)

where

y.t/
1D yE .t/ ¡ yP .t/ (4)

The corresponding equations of motion and the respective initial
conditions are

Px1 D x2; x1.0/ D 0 (5)

Px2 D x3 ¡ x4; x2.0/ D VE ÁE0 ¡ VP ÁP0 (6)

Px3 D
¡
ac

E ¡ x3

¢¯
¿E ; x3.0/ D 0 (7)

Px4 D
¡
ac

P ¡ x4

¢¯
¿P ; x4.0/ D 0 (8)

where ac
E and ac

P are the commanded lateral accelerationsof E and
P , respectively:

ac
E D .aE /max v; jvj · 1 (9)

ac
P D .aP /max u; juj · 1 (10)

The nonzero initial conditions VE ÁE0 and VP ÁP0 represent the re-
spective initial velocity component not aligned with the initial (ref-
erence) line of sight. By assumption 4, these components are small
compared to the components along the line of sight.

The set of Eqs. (5–8) can be written in a compact form as a linear,
time-invariant, vector differential equation:

PX D AX C Bu C Cv (11)
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The natural cost function of the game is the miss distance

J D jD X .t f /j D jx1.t f /j (12)

where

D D .1; 0; 0; 0/ (13)

The problem involves two nondimensional parameters of physical
signi� cance: One is the pursuer–evader maximum maneuverability
ratio

¹
1D .aP /max

¯
.aE /max (14)

and the other is the ratio of the evader–pursuer time constants

"
1D ¿E=¿P (15)

The vector differential equation (11) can be reduced to a scalar one
by using the transformation

z.t/ D D8.t f ; t/X .t/ (16)

where 8.t f ; t ) is the transition matrix of the original homogeneous
system of Eq. (11). The new state variable Z.t/ is the zero-effort
miss distance, a well-known term in guidance analysis.7 It is the
miss distance that results if both players do not apply any further
acceleration commands. The calculation of Z.t/ is based on the
homogenous solution of Eq. (11) and, as such, is a function of the
current state X .t/.

For the sake of generality, nondimensionalvariables are de� ned.
The independent variable is the normalized time to go

µ
1D .t f ¡ t/=¿P ; µ.0/ D t f =¿P D µ0 (17)

The nondimensionalstate variable is the normalizedzero-effortmiss
distance

Z.µ/
1D

z.t/

¿ 2
P .aE /max

D
x1 C x2.¿P µ / C x3¿

2
E Ã.µ="/ ¡ x4¿ 2

P Ã.µ/

¿ 2
P .aE /max

(18)

where

Ã.®/
1D e¡® C ® ¡ 1 (19)

The normalized initial condition is

Z .µ0/
1D Z0 D .VE ÁE0 ¡ VP ÁP0/µ0

¿P .aE /max
(20)

The explicit expression(18) imbeds the assumptionof perfect infor-
mation, that is, that all of the original state variables (x1 and x2 , as
well as the lateral accelerations x3 and x4/ are known to both play-
ers. When the nondimensional variables are used, the normalized
game dynamics becomes

dZ

dµ
D ¹Ã.µ/u ¡ "Ã

³
µ

"

´
v; Z .µ0/ D Z0 (21)

Note that thegamedynamicsare independentof the statevariablesof
the game because Z.t/ itself is based on the homogeneoussolution
of Eq. (11).

The nondimensional payoff function is the normalized miss
distance,

J D jZ f j D jZ.µ D 0/j (22)

to be minimized by the pursuer and maximized by the evader.

III. Guidance Law Implementation
A. Perfect Information Game Solution

The solution of the perfect information version of this game12 is
described brie� y. The necessary conditions of optimality provide
the optimal control strategies of the players as

u¤.Z ; µ/ D v¤.Z; µ/ D signfZ.µ/g; Z.µ/ 6D 0 (23)

Substituting Eq. (23) into Eq. (21) yields the dynamics along can-
didate optimal trajectories,

dZ¤

dµ
D 0.µ/ signfZ .µ /g (24)

with

0.µ/ D ¹Ã.µ/ ¡ "Ã.µ="/ (25)

When Eq. (24) is intergrated,a family of regularoptimal trajectories
is generated. If this family does not � ll the entire nondimensional
game space (Z; µ ), the game solution yields a decomposition into
two regions (Fig. 2). In the regular region, denoted as D1; the op-
timal strategies are of bang–bang type given by Eq. (23), and the
value of the game is a unique function of the initial conditions.The
boundariesof this region are the pair of optimal trajectories Z¤

C and
Z ¤

¡ , which reach the µ axis, Z D 0, tangentially at the normalized
time to go µs , as shown in Fig. 2, where µs D µs.¹; "/ is the non-
vanishing solution of the equation 0.µ/ D 0. The other (singular)
region, enclosed by the boundaries Z ¤

C and Z ¤
¡ and denoted as D0,

has several particular features. All of the trajectories starting in D0

must go through the point (Z D 0; µ D µs/ called the throat, where
D0 terminates.Therefore,every trajectory in this region can be con-
sidered as optimal, and the optimal strategies cannot be uniquely
determined. They can be selected arbitrarily, such as a linear strat-
egy suggested by Ref. 10 or even a bang–bang-type strategy such
as Eq. (23). The value of the game for the entire region, obtainedby
integrating0.µ/ between µ D 0 and µs and using the very de� nition
of µs , is constant:

J ¤
0 D .1 ¡ "/Ã.µs / ¡ .¹ ¡ 1/µ 2

s

¯
2

1D Ms .¹; "/ (26)

When a trajectory that started in D0 reaches the throat, the evader
must select the direction of its maximal maneuver (either to the
right or to the left), and the pursuer has to follow it. Therefore, the
optimal evasive maneuver that guarantees the value of Ms.¹; "/ is
a maximal maneuver in a � xed direction for the duration of at least
µs.¹; "/. The values of µs.¹; "/ and Ms.¹; "/ are shown in Figs. 3
and 4, clearlyshowingthe dependenceon thesephysicalparameters.
These results are of great importance, because for the majority of
important practical cases, the initial conditions of an interception
are in D0 .

Fig. 2 Decomposition of the game space.
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Fig. 3 Critical normalized time to go µs(¹; ").

Fig. 4 Guaranteed normalized miss distance Ms(¹; ").

When the solution (with the guidance law DGL/1) is charac-
terized, two cases can be distinguished based on the value of ¹".
This product has the physical interpretation of the pursuer/evader
agility ratio. If the inequality ¹" < 1 is satis� ed, neither µs nor Ms

(the guaranteed normalized miss distance for D0/ is zero. This in-
cludes, as a particular case, the game model of ideal evader dynam-
ics (¿E D " D 0) solved � rst by Gutman.10 In this particular case,
the term multiplying the actual lateral acceleration of the evader
in Eq. (18) vanishes, and the implementation of the guidance law
(DGL/0) becomes simpler. There is no need to know the maneuver
of the evader because in this case it is a control variable. However,
if ¹" ¸ 1, both µs and the corresponding Ms are zero. This means
that, for the majority of all practical important initial conditions, a
pointcaptureof the evader is guaranteedagainstany feasibleevasive
maneuver. This robust hit-to-kill accuracy (an extremely desirable
outcome in any interception scenario, particularly in antiballistic
missile defense) is based on the assumption of perfect information,
that is, accurate knowledge of all of the state variables, including
the actual lateral acceleration of the evader. Unfortunately, this re-
sult remains only theoretical because in reality the guidance law is
implemented in a noise-corruptedenvironment, rendering the infor-
mation structure imperfect.

B. Implementation with Noisy Measurements
Testing the homing performance of the guidance laws DGL/0

and DGL/1, implemented with an estimator in a noise-corrupted
environment,yieldsvery disappointingresults.Such a test, basedon
Monte Carlo simulations with differentnoise samples, was recently

Fig. 5 Estimator performance.

performedand reported.18 Because the maneuversof the antisurface
missile are expected to be of a randomly switched bang–bang type,
such maneuverswere used in the simulations.The simulationresults
demonstrated that these guidance laws, driven by the output of a
Kalman-� lter-type estimator, fail to provide a satisfactory homing
performance.The robusthit-to-killaccuracyis lost, and the resulting
miss distances are much larger than the values predicted by the
perfect information game solution.

State variableestimation fromnoisymeasurementsfor the imple-
mentation of a perfect information guidance law creates two types
of errors: a (converged) steady-state estimation error and a delay.
Because of the measurement noise, the estimated state, which in
the present case is the normalized zero-effort miss distance de� ned
by Eq. (18), is never the actual one. If the actual state variables are
constant or vary slowly, the estimation error converges to a rather
small value. The Kalman � lter has the role to minimize the root
mean square of this estimation error. However, if there is a sudden
change in one of the variables, the estimation error of this variable
becomes large, and it may take a substantial time until the estimated
state converges to its new value. This phenomenon is clearly seen
in a sample run shown in Fig. 5 .

C. Estimation Process Modeling
It has been a common experience that, even if the accuracy and

the convergenceof a positionestimateare satisfactory,the estimated
acceleration is less precise and it converges more slowly. Because
this dynamic effect, seen in Fig. 5, is dominant, it is assumed in
this study that the estimation of the variables x1; x2, and x4 is ideal,
whereas the estimation process of x3 (the evader’s lateral accelera-
tion) is approximated by a perfect outcome delayed by the amount
of 1test. There is a lower bound for the value of this delay, inde-
pendent of the form of the estimator.20 When this simpli� ed model
of the estimation process is used, a deterministic analysis could be
carried out.18;19

As a consequenceof the estimation delay, a maneuvering evader
can generate a nonzeromiss distanceeven if ¹" ¸ 1 becauseDGL/1
is the optimal guidance law only for the perfect information game
(1test D 0). For eachvalueof1test > 0, thereexistsanoptimalevader
maneuver that maximizes the miss distance.This maneuverconsists
of an optimally timed direction change (switch) of the maximal
lateral acceleration command from left to right, or vice versa. An
example for such a maneuver sequence is presented in Fig. 6, where
the directionchange is at t D tsw . In Fig. 7, the maximumnormalized
miss distance generated by the evader is plotted as a function of the
normalizedestimationdelay (1µest D 1test=¿P ) for an example with
¹ D 2:25 and " D 1. The devastating performance degradation of
DGL/1 due to the estimationdelay is clearly observed.As expected,
DGL/0 is not effected by the delay because it does not incorporate
the evader’s acceleration in the guidance law (assumes " D 0, that
is, ideal evader dynamics). From Fig. 7, it is evident that, for any
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Fig. 6 Structure of the evasive maneuver.

Fig. 7 Estimation delay effect: DGL/0 vs DGL/1.

amount of delay, a zero miss distancecan no longerbe achievedand
that, if the estimationdelay is too long, it is better not to incorporate
the evader’s acceleration in the guidance law at all, that is, to use
DGL/0.

IV. Delayed Information Game Solution
A. New Problem Formulation

In this section a new guidance law (a modi� cation of the original
DGL/1), minimizing the effect of the estimationdelay, is presented.
It is intended to provide improved homing performance compared
to both DGL/0 and DGL/1. For the derivation of the new guidance
law, the interception scenario of a maneuvering antisurface missile
is reformulated as a delayed information zero-sum pursuit–evasion
game.

Given the dynamic system (5–8) and a set of initial conditions,
solve the game with the cost function (12), subject to the following
set of measurements available to the pursuer:

h i .t/ D xi .t/; i D 1; 2; 4; h3.t/ D x3.t ¡ 1test/ (27)

while the evader has perfect informationon all of the state variables,
as well as on the delay of the pursuer.

In an earlier paper,18 an intuitiveapproach,inspiredby the idea of
reachable set,21 was used. It suggested creating, based on the avail-
able information at every point of the time t , the reachable set of
the evader and to aim the pursuer at the center of the convex hull of
this reachable set. Simulation results, based on the implementation
of this guidance law, denoted as DGL/C (compensated), demon-
strated a substantial reduction of the maximum miss distance and
the robustness with respect to the timing of the evader’s maneuver
as shown in Figs. 8 and 9 for an example with ¹ D 2:25 and " D 1.

Fig. 8 Evasive maneuver effect; DGL/C compared to DGL/1 and
DGL/0: ¹ = 2.25, " = 1, and D µest = 1.

Fig. 9 Estimation delay effect; DGL/C compared to DGL/1 and
DGL/0: ¹ = 2.25 and " = 1.

At that time, an analytical solution was not yet available, and
the guaranteed miss distance generated by the intuitively derived
DGL/C could be predicted only by the simulations of the pure in-
formation delay model of the interception. In the following sub-
section, a recently developed rigorous analytical solution19 of the
delayed information zero-sum pursuit–evasiongame formulation is
presented, and an optimal guidance law based on its application is
introduced.

B. Analytical Solution
The basic idea of the solution has been to replace the original

normalized state variable Z .µ/, de� ned in Eq. (18), by a new one,
which is the center of the normalized uncertainty set (reachableset)
created by the information delay. To enhance the physical under-
standing of the derivation process, in this � rst step the dimensional
zero-effort miss distance Z(t ) given in Eq. (16) will be used. This
variable can be written as

z.t/ D z0.t/ C 1zE .t/ (28)

where

z0.t/ D x1.t/ C x2.t/tgo ¡ 1zP .t/ (29)

1zP .t/ D ¿ 2
P Ã.µ/x4.t/ D ¿ 2

P Ã.tgo=¿P /x4.t/ (30)

1zE .t/ D ¿ 2
E Ã.µ="/x3.t/ D ¿ 2

E Ã.tgo=¿E /x3.t/ (31)
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Because of the delayed measurement h3.t/ D x3.t ¡ 1test/, the
uncertain value of x3.t/ is bounded by

[x3.t/]min · x3.t/ · [x3.t/]max (32)

where the extreme values [x3.t/]min and [x3.t/]max are computed by
integrating Eq. (7) with ac

E D ¡amax
E and ac

E D amax
E , respectively,

[x3.t/]min D x3.t ¡ 1test/ exp.¡1test=¿E /

¡ amax
E [1 ¡ exp.¡1test=¿E /] (33)

[x3.t/]max D x3.t ¡ 1test/ exp.¡1test=¿E /

C amax
E [1 ¡ exp.¡1test=¿E /] (34)

The center of this segment of uncertainty is

[x3.t/]c 1D f[x3.t/]max C [x3.t/]ming=2

D x3.t ¡ 1test/ exp.¡1test=¿E / (35)

The new variable, replacing Z.t/, is de� ned as

zc.t/
1D z0.t/ C 1zc

E .t/ (36)

where

1zc
E .t/ D ¿ 2

E Ã.tgo=¿E /x3.t ¡ 1test/ exp.¡1test=¿E / (37)

The nondimensional form of Eq. (36), based on Eq. (18), is

Z c.µ/ D Z .µ/ C "2Ã.µ="/[x3.µ C 1µest/

£ exp.¡1µest="/ ¡ x3.µ/]
¯

amax
E (38)

where 1µest D 1test=¿P .
The derivative of Eq. (38) with respect to µ is

dZ c

dµ
D dZ

dµ
C "2

.aE /max

»µ
x3.µ C 1µest/ exp

³
¡1µest

"

´
¡ x3.µ/

¶

£ dÃ.µ="/

dµ
C Ã

³
µ

"

´

£ d

dµ

µ
x3.µ C 1µest/ exp

³
¡1µest

"

´
¡ x3.µ/

¶¼
(39)

where

dÃ.µ="/

dµ
D 1 ¡ exp.¡µ="/

"
(40)

By integrating Eq. (7) between (t ¡ 1test/ and t, using Eq. (9), one
gets

x3.t/ D x3.t ¡ 1test/ exp

³
¡1µest

"

´

C .aE /max

¿E

Z t

t ¡ 1test

exp

³
¡

t ¡ s

¿E

´
v.s/ ds (41)

which can be rewritten, using the normalized time-to-go µ de� ned
in Eq. (17), as

x3.µ C 1µest/ exp

³
¡

1µest

"

´
¡ x3.µ /

D
.aE /max

"

Z
µ

µ C 1µest

exp

³
µ ¡ ¾

"

´
v.¾/ d¾ (42)

with ¾ D .t f ¡ s/=¿P . Consequently,

d

dµ

µ
x3.µ C 1µest/ exp

³
¡ 1µest

"

´
¡ x3.µ/

¶

D
.aE /max

"2

(

"

µ
v.µ/ ¡ exp

³
¡

1µest

"

´
v.µ C 1µest/

¶

C
Z

µ

µ C 1µest

exp

³
µ ¡ ¾

"

´
v.¾/ d¾

)
(43)

Substituting Eqs. (21), (42), and (43) into Eq. (39), setting ½ D
¾ ¡ µ , and eliminating equal terms leads to the expression

dZ c

dµ
D ¹Ã.µ/u.µ/ ¡ "Ã

³
µ

"

´
exp

³
¡1µest

"

´
v.µ C 1µest/

C
³

µ

"

´ Z 0

1µest

exp

³
¡ ½

"

´
v.½/ d½ (44)

Because the evaderalso knows Z c , Eq. (44) represents the dynamics
of a perfect information game with delayed control. When the de� -
nitionof Z c in Eq. (38) is notedand that Ã.® D 0/ D 0 from Eq. (19)
is kept in mind, the cost functionof this game is identical to the cost
of the original game in Eq. (22) with the same bounded normalized
controls of Eqs. (8) and (9). The mathematical procedure leading to
the solution of this game, detailed in Ref. 19, is out of the scope of
the present paper. Here only end results are repeated.The candidate
optimal strategies, satisfying the necessary conditions, are

u¤.µ/ D v¤.µ / D signfZ c.µ/g (45)

con� rming the validity of the intuitively derived DGL/C.18 Substi-
tuting Eq. (45) into Eq. (44) and carrying out the integration leads
to expressing the optimal game dynamics as

dZ c

dµ
D 0c.µ; 1µest/ signfZ c.µ/g (46)

where

0c.µ; 1µest/ D ¹Ã.µ/ ¡ "Ã.µ="/ exp.¡1µest="/

C µ [exp.¡1µest="/ ¡ 1] (47)

Equation (46) is similar to the form of Eq. (24) obtained for the
solution of the perfect information games as DGL/0 and DGL/1. It
means that the decompositionof the normalizedgame space (Z c; µ )
has the same structure as Fig. 2. Similarly, µ c

s is the nonvanishing
solution (µ 6D 0) of

0c.µ; 1µest/ D 0 (48)

and Mc
s can be computed by integrating 0c.µ; 1µest/ between

µ D 0 and µ c
s . The values of µ c

s and Mc
s are plotted as the func-

tion of .1µest="/ in Figs. 10 and 11, respectively, for ¹ D 2:25 and
" D .0; 0:25; 0:5; 1:0).

The analysis19 indicates that this parameter

±
1D 1µest=" D 1test=¿E (49)

is governingthe delayed information game solution. When Eq. (47)
is compared to Eq. (25), it can be directly observed that, for all
1µest > 0, one always has µ c

s > µs and consequently Mc
s > Ms . It

means that due to the estimationdelay the guaranteedmiss distance
can never be zero, as it is clearly seen in Figs. 10 and 11.

V. Monte Carlo Simulations
A. Estimator Selection

As noted in Sec. III, the implementation of a guidance law in a
noise corrupted environment requires an estimator. In this paper,
two different types of discrete time estimators (with time step of
1t ) were used. The � rst one was a classical Kalman � lter, where
the evader’s random maneuver was represented as a stochastic pro-
cess in the form of a random telegraph (RT) signal, characterized
by a single parameter ¸ (the average frequency of the signal). For
the estimator design, such a processwas representedby white noise
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Fig. 10 µc
s (¹; ") as the function of ( D µest /"): ¹ = 2.25 and " = (0, 0.25,

0.5, 1.0).

Fig. 11 Ms(¹; ") as the function of ( D µest/"): ¹ = 2.25 and " = (0, 0.25,
0.5, 1.0).

going through a � rst-order shaping � lter22 with a time constant of
1/(2¸/ because both have the same autocorrelation function. The
well-known equations of this estimator can be found in the tech-
nical literature23 and, therefore, are not repeated here. The second
estimator was a fast multiple model adaptive estimator (MMAE),
described in detail (out of the scope of this paper) in Ref. 24. The
fast MMAE uses several target maneuver models and has a poten-
tial of improved estimation if the number of models is suf� ciently
high. The required computationaleffort is only slightly higher than
needed for a classical Kalman � lter with shaping � lter (KF/SF). In
this paper the results of using the fast MMAE, applying the mini-
mum mean square error (MMSE) weighting method, are compared
to the results obtained when using the KF/SF. The MMAE used
incorporates30 models, each correspondingto a different timing of
the bang–bang maneuver switch in the end game. For both estima-
tors, it is assumed that the interceptor acquires measurements at a
given frequency f . The measurement vector is

Y D
µ

Áaz

aP

¶
C

µ
ºaz

ºap

¶
»D

µ
1=r 0 0 0

0 0 0 1

¶
x C

µ
1 0

0 1

¶ µ
ºaz

ºap

¶
(50)

where r is the accurately measured range (Fig. 1), ºaz is the an-
gular noise of the seeker, and ºap is the measurement noise of the
interceptor’s acceleration.The noise statistics are given by

vi » WN
¡
0; ¾ 2

i

¢
; i D az; ap (51)

Table 1 Simulation parameters

Parameter Value Remarks

amax
E 21.5 g

amax
P 48.4 g ) ¹ D 2:25

¿E 0.2 s
¿P 0.2 s ) " D 1
¾az 0.2 mrad
¾ap 0.1 g
Vc 5.5 km/s
R0 16.5 km ) t f D 3 s
1t 0.001 s
f 500 Hz
¸ 1.5 1/s

Fig. 12 DGL/0 homing performance.

B. Simulation Parameters
In simulating the implementation of the guidance laws DGL/0,

DGL/1, and DGL/C, sets of 100 Monte Carlo runs with different
noise sampleswere used.To allowcomparisonbetween the different
cases investigated,the same randomnumbergeneratorseedhasbeen
selected for each set of the 100 Monte Carlo runs. The simulation
parameters are summarized in Table 1.

C. Worst-Case Evasive Maneuvers
Because the maneuvers of the antisurfacemissile are expected to

be of a randomly switched bang–bang type (Fig. 6), the worst ma-
neuver timing (the one that creates the largest miss distance) has to
be identi� ed. The accumulated normalized miss distance distribu-
tionsobtainedby thebang–bangmaneuverswith differentswitching
times are shown for DGL/0 and DGL/1 with KF/SF in Figs. 12 and
13, respectively. In Fig. 12, the guaranteed miss distance predicted
by the perfect information game solution is also indicated. It is ev-
ident that for most of the target maneuver timings, presented in
Fig. 12, the miss distances are larger than the deterministic predic-
tion based on the value of the perfect information game. The only
exception is the maneuver with µsw D 1:5 because in this case the
timing of the evasive maneuver is clearly nonoptimal. In this case,
the nonoptimal timing outweighs the effect of the estimation delay.
From Figs. 12 and 13, the timing of the worst case maneuvers can
also be identi� ed as µsw D 7:5 for DGL/0 and µsw D 2 for DGL/1.
These results are similar (although not identical) to those obtained
in Ref. 18, where a different estimator was used.

The present paper concentrates on the homing performance of
the new guidance law, denoted as DGL/C, in a noise-corruptedsce-
nario. It turnsout that theworstmaneuvertimingforDGL/C depends
on the value of the assumed estimation delay to be compensated.
This observationlead to performinga simultaneousmin–max search
for the best estimation delay and the worst timing of the evader
maneuver. The accumulated normalized miss distance distribution
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Fig. 13 DGL/1 homing performance.

Fig. 14 Cumulative miss distance distribution comparison, KF/SF.

Fig. 15 Cumulative miss distance distribution comparison,
MMAE/MMSE.

obtained for the optimal pair (the best estimation delay is
1µest D 0:5, whereas the worst evadermaneuver timing is µsw D 7:5)
is shown in Fig. 14 using a KF/SF estimator and is compared with
the worst case results of the Figs. 12 and 13. Similar results ob-
tained using the MMAE/MMSE estimator are presented in Fig. 15.
Figures 14 and 15 show a substantial improvement achieved by ap-
plying the new delay-compensatingguidance law. The accumulated
normalized miss distance distribution obtained for DGL/C by the
two different estimators is compared in Fig. 16.

Fig. 16 DGL/C homing performance.

D. Discussion
As can be seen in Fig. 12, the miss distances for DGL/0 in the

noise-corrupted environment are of the same order of magnitude
(though larger) as the deterministicprediction.Moreover, the worst
homing performance, represented by the accumulated normalized
miss distance distributions, seems to be less affected by the timing
of the random evasive maneuver because this guidance law does
not use the information on the evader’s lateral acceleration. The
performance degradation of DGL/1 due to the noise is much more
dramatic, as seen in Fig. 13. Instead of the guaranteed zero miss
distance, predicted by the perfect information game solution, the
worst evader maneuver timing generates substantialmiss distances.
The high sensitivity to the timing of the random evasive maneuver
is also observed.

In spite of these qualitative observations, it appears from Fig. 14
that (at the noise level used in the simulation) DGL/1 has a slightly
smaller maximum miss distance and a more favorable distribution
than DGL/0. The reason is the relatively small estimation delay
.1µest D 0:5) associated with the noise level of ¾az D 0:2 mrad, as
mentioned earlier. For a larger noise level, the situation could be
different, as indicated in Ref. 24.

The simulation results, presented in Fig. 14, clearly con� rm the
improved homing performance of DGL/C compared to the other
guidance laws, as predictedby the deterministicanalysis in Secs. III
and IV and shown in Fig. 9. The maximum miss distance (compared
to DGL/1) is reduced to less than half, and the entire distribution
becomes more favorable. For example, given a normalized lethality
radius of 0.2, DGL/C provides a probability of success of about
0.80, compared to a probability of 0.35 for DGL/1. Moreover, the
sensitivity to the timing of the random evasive maneuver is also
reduced (similarly to DGL/0). When Figs. 14 and 15 are compared,
the different performanceof the two estimators is clearly observed.
From Fig. 16,one can learn that althoughMMAE/MMSE hasa more
favorable miss distance distribution than the KF/SF, the maximum
miss distance in both cases is similar.

VI. Conclusions
A new approach for guidance law development for the intercep-

tion of maneuvering targets is described. The scenario is modeled
as a zero-sum pursuit–evasion game. The new approach takes into
account the inherent delay of the estimation process in a noise-
corrupted environment and attempts to compensate for it. The pa-
per presents the application of the rigorous analytical solution of
a pursuit–evasion game with delayed information of the pursuer,
modeling the noise-corruptedinterception scenario. The analytical
solution con� rms the validity of an earlier intuitively derived guid-
ance law, partiallycompensatingfor the pursuer’s informationdelay
created by the estimation process.

This nonorthodoxapproach has generatedfor the � rst time in the
openliterature(to thebestof theauthors’knowledge) a guidancelaw
that has been derived by explicitly considering the outcome of the
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estimation process.The new guidance law, obtained by a determin-
istic analysis, was tested by a large set of Monte Carlo simulations
in a generic but realistic noise corrupted scenario, using two types
of estimators, con� rming its usefulness. The worst-case miss dis-
tances, as well as the sensitivity to the timing of the random evasive
maneuvers, are substantially reduced. These results represent a po-
tential breakthrough in guidance law design. The two elements of
the innovativemindset, namely, the pursuit–evasion game formula-
tion and not following the (commonly used) unjusti� ed application
of the certainty equivalenceproperty,project a hope that small miss
distances,compatiblewith a hit-to-killrequirement,can be achieved
even in highlystressedinterceptionscenariosexpected in the future.

Note that the implementationof thedelay-compensatingguidance
law does not require any speci� c hardware, and as a consequence,
its insertion into any existing missile defense system can be easily
carried out.

Acknowledgment
This work was supported in part by the Ballistic Missile Defense

Organization under Contract HQ0006-98-C-0014.

References
1Hughes, D., “Next Arrow Test This Summer After Scoring Direct

Hit,”Aviation Week and Space Technology, Vol. 146, No. 12, 1997, p. 34.
2Philips, H. E., “PAC-3 Missile Seeker Tests Succeed,” Aviation Week

and Space Technology, Vol. 150, No. 12, 1999, p. 30.
3Wall, R., “THAAD at Crossroads After Intercept,” Aviation Week and

Space Technology, Vol. 151, No. 6, 1999, p. 29.
4Shinar, J., and Zarkh, M., “InterceptionofManeuveringTactical Ballistic

Missiles in the Atmosphere,” Proceedingsof the 19th ICASCongress, AIAA,
Washington, DC, 1994, pp. 1354–1363.

5Shinar, J., and Shima, T., “Kill Probability Assessment Against Ma-
neuvering Tactical Ballistic Missiles,” AIAA 10th Multinational Conf. on
Theater Missile Defense, Eilat, Israel, June 1997.

6Shinar, J., Shima, T., and Kebke, A., “On the Validity of Linearized
Analysis in the Interception of Reentry Vehicles,” Proceedings of the AIAA
Guidance, Navigation, and Control Conference, AIAA, Reston, VA, 1998,
pp. 1050–1060.

7Zarchan, P., Tactical and Strategic Missile Guidance, Vol. 176, Progress
in Astronautics and Aeronautics, AIAA, Reston, VA, 1997, pp. 143–161.

8Isaacs, R., Differential Games, Wiley, New York, 1965.

9Ho, Y. C., Bryson, A. E., and Baron, S., “Differential Games and Op-
timal Pursuit–Evasion Strategies,” IEEE Transactions on Optimal Control,
Vol. AC-10, No. 4, 1965, pp. 385–389.

10Gutman, S., “On Optimal Guidance for Homing Missiles,” Journal of
Guidance and Control, Vol. 3, No. 4, 1979, pp. 296–300.

11Shinar, J., and Gutman, S., “Three-Dimensional Optimal Pursuit and
Evasion with Bounded Control,” IEEE Transactions on Automatic Control,
Vol. AC-25, No. 3, 1980, pp. 492–496.

12Shinar, J., “SolutionTechniques for Realistic Pursuit–Evasion Games,”
Advances in Control and Dynamic Systems, edited by C. T. Leondes, Vol. 17,
Academic Press, New York, 1981, pp. 63–124.

13Anderson, G. M., “Comparison of Optimal Control and Differential
Game Intercept Missile Guidance Laws,” Journal of Guidance and Control,
Vol. 4, No. 2, 1981, pp. 109–115.

14Shinar, J., “On New Concepts Effecting Guidance Law Synthesis of
Future Interceptor Missiles,” AIAA Paper 89-3589, Aug. 1989.

15Shinar, J., and Shima, T., “A Game Theoretical Interceptor Guidance
LawforBallisticMissile Defense,” Proceedingsof the35thIEEEConference
on Decision and Control, Inst. of Electrical and Electronics Engineers, New
York, 1996, pp. 2780–2785.

16Stengel, R. F., Stochastic Optimal Control, Wiley, 1986, pp. 451–460.
17Witsenhausen, H. S., “SeparationofEstimation andControlforDiscrete

Time Systems,” Proceedings of the IEEE, Vol. 59, No. 11, 1971, pp. 1557–

1566.
18Shinar, J., andShima,T., “RobustMissile GuidanceLaw AgainstHighly

Maneuvering Targets,” Proceedings of the 7th IEEE Mediterranean Confer-
ence on Control and Automation, Inst. of Electrical and Electronics Engi-
neers, New York, 1999, pp. 1548–1572.

19Shinar, J., and Glizer, V., “Complete Solutionof a Delayed Information
Linear Pursuit–Evasion Game with Bounded Controls,” InternationalGame
Theory Review, Vol. 1, No. 3 and 4, 1999, pp. 197–218.

20Hexner, G., Weiss, H., and Dror, S., “Temporal Multiple Model Esti-
mator for a Maneuvering Target,” Faculty of Aerospace Engineering, TAE
Rept. 859, Technion—Israel Inst. of Technology, Haifa, Israel, Feb. 2001.

21Petrosjan, L. A., Differential Games of Pursuit, Vol. 2, Series on Opti-
mization, World Scienti� c, Singapore, 1993, pp. 169–177.

22Fitzgerald, R. J., and Zarchan, P., “Shaping Filters for Randomly Ini-
tiated Target Maneuvers,” Proceedings of the AIAA Guidance and Control
Conference, AIAA, New York, 1978, pp. 424–430.

23Maybeck, P. S., Stochastic Models, Estimation and Control, Vol. 2,
Academic Press, New York, 1982, p. 217.

24Shima, T., Oshman, Y., and Shinar, J., “Ef� cient Multiple Model Adap-
tive Estimation in Ballistic Missile Interception Scenarios,” Journalof Guid-
ance, Control, and Dynamics, Vol. 25, No. 4, 2002, pp. 667–675.


